maximal left ideal into $M$ can be extended to an R-homomorphism of $R$ into $M$ . This is a corollary to Th. 6.1. Th. 6.1 generalizes also a result on neat subgroups of abelian groups. $M$ is called an R-c.q.i-module if $M$ is R-quasiinjective, and for any non-zero R-submodule $A,$ $l_{M}(r_{X}(A))$ is the unique maximal submodule such that $l_{M}(r_{X}(A))\supseteq A$ and every non-zero R-submodule of $l_{M}(r_{X}\{A))$ has a non-zero intersection with $A$ (Cor. to Prop. 5 is any intermediate ring of $Q$ and $R_{0}$ of all (additive group) endomorphisms induced by R. (2) Every R-direct summand of $M$ is an R-c.q.i-module. (3) Every R-K-submodule is an R-c.q.i-module and an R-K-c.q.i-module. ( . "submodule" and "homomorphism" without modifier mean always "R-submodule" and "R-homomorphism" respectively. (ii) $A$ is complemented $\iota f$ and only if (ii) $(\sum_{\lambda\in A_{P_{0}}}V_{\lambda})^{c-}$ depends on $P_{0}$ only ( 2) The R-injective envelope 
Proof. By Cor. to Prop. 1.14, a maximal uniform submodule is nothing but a complemented uniform submodule. And, a complemented uniform submodule is evidently a minimal complemented submodule. Conversely, let $V$ be a minimal complemented submodule, and let Proof. . And, as
$M$ is said to be locally uniform if every non-zero submodule of $M$ contains a uniform submodule. And $M$ is said to be finite-dimensional if every independent subset of $\mathfrak{M}$ is finite (Goldie [2] ). In the rest of this section, by making use of complemented submodules, we shall characterize these two types of modules.
Theorem 2. 7. The following conditions are equivalent to one another:
(i) $\Lambda\prime I$ is locally unzform.
(ii) Every non-zero complemented submodule contains a minimal complemented submodule.
(iii) Every proper complemented submodule is contained in a maximal complemented submodule.
Proof.
will be easily seen by Th. 2.3 and its corollary. Under the same notations as in Th. 1 .11, we obtain the following. . We set then $C(P_{0})=(\sum_{\lambda\in\Lambda_{P_{0}}}V_{\lambda})^{cc}$ .
(ii) $(\sum_{\lambda\in\Lambda_{P_{0}}}V_{\lambda})^{c}$ depends on $P_{0}$ only (and is independent of the choice of $\{V_{\lambda}\}$ and complements).
(iii) $C(P_{0})$ and $C(P_{0})^{c}$ are the unique complements of each other. $C(P)$ is zero or the unique maximal locally uniform submodule, and $C(P)^{c}$ is the unique maximal submodule containing no uniform submodules, and is the meet of all maximal complemented submodules.
Proof. (i) and (ii) are immediate consequences of Th. 1. 11 and Prop..
1 (iii). (iii)
. By (i) and ( , and so, by Prop. 3.1 (iii), $C=C^{cc}\subseteq C(P_{0})^{rc}=C(P_{0})$ . Since $C$ is a complement of $C(P_{0})^{c}$ and $C(P_{0})^{c}\cap C(P_{0})^{cc}=0$ , we have $C=C(P_{0})$ . Hence $C(P_{0})$ is the unique complement of $C(P_{0})^{c}$ . Evidently $C(P)^{c}$ does not contain a uniform submodule, and $C(P)$ is locally uniform, because locally uniform $\sum V_{\lambda}$ is dense in $(\sum V_{i})^{r_{4}c}-\neg C(P)$ .
If $A$ is a locally uniform submodule, then $A\cap C(P)^{c}=0$ , and so $A\subseteq C(P)^{c}''=$ $C(P)$ . If $B$ is a submodue containing no uniform submodules, then $B\cap C(P)=0$ , and so $B\subseteq C(P)^{c}$ . Next, if $C_{1}$ is a maximal complemented submodule, then $C_{1}^{c}$ is uniform, and $C_{1}^{c}$ is contained in the unique maximal locally uniform submodule $C(P)$ . Hence, by Th. 2.6, the unique complement $C(P)^{c}$ of $C(P$ } is contained in $C_{1}$ . By Prop. 2.5, the meet of all maximal complemented submodules does not contain a uniform submodule, and hence it is contained in $C(P)^{c}$ . Hence we conclude that $C(P)^{c}$ coincides with the meet of all maximal complemented submodules. (ii) The meet of all maximal complemented submodules is zen.
(iii) $M$ is an irredundant subdirect sum of uniform modules. Proof. Since $M/C(P)^{c}(\sim C(P))$ is locally uniform, $C(P)^{c}$ is an irredundant meet of maximal complemented submodules by Th. 2.9. Since $C(P)$ is the meet of all maximal complemented submodules and the unique maximal submodule containing no uniform submodules, our equivalences will be obvious. 
Proof. Since 
Next, we take a maximal independent set $\{U_{\lambda}\}$ of $\rho(A\cap B)=\{X\in\rho;X\subseteq-4\cap B\}$ , which can be extended to maximal independent sets $\{U_{\lambda}\}\cup\{A_{\mu}\},$ $\{U_{\lambda}\}\cup\{B_{\nu}\}$ of $P(A)$ and $\rho(B)$ , respectively. Then \S 4. Quasi,injective modules. A unital R-left module $M$ is said to be R-quasi-injective, if every R-homomorphism of any R-submodule into $M$ can be extended to an R-endomorphism of $M$ (cf. [6] ). Throughout this section, "quasi-injective" implies always "R-quasi-injective". . We Since $R$ is a left Noetherian ring, every left ideal of $R$ is finitely generated. There $\cdot$ fore, every homorphic image of any left ideal of $R$ is finitely generated. We set $K=Hom_{R}(M, M)$, which acts on the right. Noting that the kernel of any R-endomorphism of an R-c.q.i-module is an R-direct summand (Th. 4. 3), the next proposition will be proved as in [7; 3. is uniform by (i). Since the unique maximal R-submodule $H(P)^{c}$ containing no R-uniform submodules is Kadmissible (Th. 3.6 (ii)), $Ru$ have to contain an R-uniform submodule.
In particular, Th. 5.2 (iv) and (v) yield at once.
Corollary. $M$ is R-locally uniform $ z\beta$ and only if it is K-locally uniform, and $M$ is a (direct) sum of R-uniform submodules if and only if it is a (direct) sum of K-uniform (or equivalently, K-minimal) submodules ( $i.e$ . $M$ is Kcompletely reducible). (Cf. Th. 4.5.) Combining Prop. 3.6 (iii) and Th. 4 .3, we obtain Theorem 5.3. If $M$ is an R-c. $q$ . i-module, then every complemented R-submodule of $M$ is an R-direct summand of $M$ and an R-c. $q$ . i-module.
We set $Q=Hom_{K}(M, M)$, which acts on the left. We note here that every R-direct summand of $M$ is Q-admissible, and so a Q-direct summand of $M$ . , which contradicts the density of I. The next theorem has been stated in [7] without proof. (ii) The center of $K$ is also an injective ring with zero singular part.
5) The "right" implies "acting on the right".
For any idempotent $v$ of $K$ , vKv is also a left injective ring with zero left singular part.
Proof. The first half was already proved. In fact $K_{i}=K\tau_{i}(i=1,2,3)$ .
Since $\sum\oplus H(\rho)$ is R-K-admissible and R-dense in $M_{1},$ $K_{1}=Hom_{R}(M_{1}, M_{1})=$ $Hom_{R}(\sum H(\rho), \sum H(p))$ , and further, since each $H(\rho)$ is R-K-admissibie, $K_{1}=$ $\sum^{c}\oplus Hom_{R}(H(\rho), H(P))$ (complete direct sum). Each $H(\rho)$ is a direct sum of R-uniform submodules whi $ch$ are isomorphic to one another. Let $V_{\rho}$ be a complemented uniform submodule belonging to $\rho$ . Then $Hom_{R}(H(P), H(\rho))$ is isomorphic to the ring of row-finite ( $\rho$ -dim $M$)-dimensional matrixes over the division ring $Hom_{R}(V_{\rho}, V_{\rho})$ , that is, the right endomorphism ring of a ( $\rho$ -dim $M$ ) $-$ dimensional $Hom_{R}(V_{\rho}, V_{\rho})$ -left vector space. Let $\{W_{\gamma} ; \gamma\in\Gamma\}$ be the maximal independent set of complemented R-K-uniform submodules of 
